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 i would become non-zero.
The added advantage in using n
3
is that it also ags the
value of 
3
at which saturation sets in, with every site
of the lattice being lled to capacity with quarks, and
continuum physics can no longer be extracted.






can also be used to probe the transition. The avour












































This diers from the usual 
f
= 0 expression [8] through
the subtraction of the last term, corresponding to non-
vanishing quark densities. When a charged pion conden-
sate forms, 
ud
must become non-zero and negative. Ex-
pressions for the avour diagonal susceptibilities can be
read o from [8] and modied by appropriate subtraction
of the non-vanishing quark number densities. As long as














gives no extra information.
We explicitly use two staggered quark elds| one for
each component of the Fermion matrix in eq. (1). We
adopt and extend the usual \cure" for Fermion doubling,









Consequently, each trace in eqs. (4,5) comes with a factor
of 1=4 multiplying it. There are two ways in which quark
masses enter the problem| the sea quark mass appears
in the determinants in eq. (2) and inuence the path
integral measure, while the valence quark mass enters
into the operators such as in eq. (5). In the quenched
approximation the determinants are set to unity, so the
sea quarks drop out of the problem but not the valence
quarks.
It might seem that the use of staggered quarks is a
needless complication since the number of mesons of any
given spin is much larger than that expected in two
avour QCD. However, only four of these are Goldstone
pions at T =  = 0. The others are split from them at
any nite lattice spacing. This trick gives us the ability to
bypass some of the problems seen at coarse lattice spac-
ing. On ner lattices the number of Goldstone modes
for staggered quarks is in any case a problem in den-
ing two staggered avours and some other formulation of
lattice quarks is probably better suited to the problem.
One other advantage to using two independent staggered
quark elds is that it allows us to give them unequal
masses if we so wish.
The partition function of eq. (2) can be expressed







transfer matrix T propagates eld information from one
slice of the lattice to another, and N is the number of
slices. There may be several inequivalent ways to slice the
lattice, giving rise to possibly inequivalent transfer matri-
ces, but the partition function is unique. The eigenvalues




   , dene masses (or screening masses)






). A critical point
implies massless modes for all the transfer matrices. We
utilise the transfer matrix in the time direction and deter-
mine the spin-avour content of massless mesons which
propagate in the time direction.
Since the theory at nite chemical potential has a con-
jugate quark [9], the symmetries of the transfer matrices
must take this into account. In the problem at hand,
there are two staggered quark elds which are conjugate
to each other. The symmetry group at T =  = 0 there-
fore contains an extra SU (2) factor corresponding to ar-
bitrary rotations between these two elds. This symme-
try is broken at nite . Recall that a chemical potential
enters the lattice Dirac operator, M , through the time
component of the covariant derivative because every tem-
poral gauge eld is multiplied by the fugacity, exp(a).
As a result, for nite 
3
, the Z(2) group generated by
t !  t does not commute with the new SU (2). The
symmetry of the transfer matrix can be constructed by
ipping the roles of the two quarks when ipping the
sign of time. The irreps can be constructed by taking Z
2




















u. When electroweak corrections









u. The irrep labels
of [10] can be retained with a reinterpretation of the old
time-reversal quantum number as the product of time-
reversal and the Z
2














= 1 on a 24  8
3
lattice. The lines are ts to
the spin projected part of the uu projection and rotated in
avour according to the symmetry of the transfer matrix.
The importance of identifying the irreps of the trans-
3fer matrix follows from an observation made in [13]: on
any nite lattice an unphysical mode of propagation for
a meson is that a quark and an antiquark travel in oppo-
site directions around the lattice. This nite size eect
is rendered innocuous at  = 0 by proper importance
sampling. However, a chemical potential exacerbates
this problem by encouraging forward propagation of the
quark and backward propagation of the same avour of
the anti-quark. The correlation function of a pure avour












with m 6= m
0
, which seems to indicate the absence of a
transfer matrix. However, by recombining avours into
the irreps of the symmetries of the transfer matrix we
recover the correct symmetric form.
In Figure 1 we show an example of this. Note that
masses tted to such pure avour correlators by the for-
mula in eq. (7) are still useful, since the transfer matrix
eigenstates (which are linear combinations of avours)
have the same masses. Tests of mass ts therefore include





) are ipped when tting the uu and

dd correla-
tors, and that the eigenstates of the transfer matrix do,
in fact, give the lower of these two masses. Figure 1 does,
in fact, show one such test, since the correlation functions
plotted are the dd type, and the ts shown are plotted
using parameters obtained from the uu type and ipped.
We have further checked that local masses also show a
plateau close to this mass.





tices at  = 5:8941, which is the critical coupling for
the nite temperature transition in quenched QCD with
6 time slices. The lattice spacing is then xed to be
a = 1=6T
c










The two lattice sizes dier by 50% in linear extent.
This is necessary to see and control gross nite volume
distortions, but not suÆcient to perform a study with
the nesse required to extract critical indices from -
nite size eects. We have generated 40 stored cong-
urations for analysis on the smaller lattice and 70 on
the larger. These are obtained with a Cabbibo-Marinari
pseudo-heatbath algorithm where each SU (2) subgroup
imbedded in SU (3) is touched thrice during every link
update. An initial 5000 sweeps are discarded for ther-
malisation and each subsequent stored conguration is
separated from the previous one by 1000 sweeps. The
successive stored congurations are therefore fully decor-
related from each other, rendering the analysis of mea-
surement errors fairly simple.
Our methods for measuring the number densities and
susceptibilities are the same as in [8]. The chiral con-
densate is measured from the same matrix inversions.
Correlators are obtained with a point source and pro-
jected on to zero 3-momentumby summing over the sink.
The spectrum measurements use standard techniques for
staggered quarks, including tting to and extracting lo-
cal masses from spin-projected parts of the correlators.
Since we work on nite lattices, we have a nite reso-
lution for the identication of massless modes. When a
mass reaches the value 1=aN
t
, the corresponding parti-
cle becomes eectively massless and contributes to the
long-distance eective theory.
Since this is a rst survey, we chose to work with a
reasonably heavy valence quark mass| ma = 1=6. At
T = 
3
= 0 this gave m

a = 1:065 0:003 and m

a =
1:323 0:007. The baryon mass was m
p
a = 1:59 0:05.
These measurements are compatible with previous com-
putations at nearby couplings [15]. Since m

L  12 on
our larger lattice, we expect nite volume distortions to
be small at this quark mass except in the neighbourhood
of any critical point, where, in any case, we expect to see
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FIG. 2: The order parameters. Boxes denote measurements
on 8
4
lattices and circles those on 12
4
lattices.
Measurements of the order parameters as functions of

3
are shown in Figure 2. We draw attention to two
salient facts. First, h  i and n
3
both depart from their
vacuum value at the same a
c
3
 1  am

, and, second,








 2 it is clear that
saturation sets in and continuum physics can no longer
be extracted. The critical point is reached far before
this. The susceptibility 
ud
is zero at T = 
3
= 0 [8]. It




. Its behaviour is closely related to the massless





is consistent with zero, indicating that the baryon
remains massive [16].
Figure 3 shows the 
3





obtained from zero-momentum correlators. The





drop rapidly from their T = 0




























amonds) obtained from temporal correlators on 12
4
lattices.
The horizontal dotted line indicates the mass resolution avail-
able on a lattice of this size.
the most interesting. It is non-zero at 
3
= 0 due to the
nite quark mass and degenerate with the 
0
+
. It does not
change appreciably till 
c
3
, at which point it drops rapidly
and becomes eectively massless soon after. The higher
of the two masses in the avour projected charged pion
sector, corresponds to 
 
. This remains non-zero in the
whole range of  studied here. All the critical behaviour
seen in the order parameters is driven by this. The rise
in meson masses in the unphysical region a
3
> 2 is
easy to understand: propagation of mesons is hard on
a saturated lattice. This is also observed in a free eld
theory computation at large 
3
.
A few caveats need to be stated. At the resolution
available at these lattice sizes, a
c
3
can be observed to
lie between 1 and 1.25, as seen in Figure 2. Figure 3
shows that the mass resolution available on the 12
4
lat-




this lattice. If one wants to nail down the critical isovec-
tor chemical potential with higher precision, then one
must go to larger lattices, as always. We are presently
exploring the pion-condensed phase in more detail with
smaller quark masses and larger lattice volumes. These




will be presented elsewhere.
There are three notional regions of 
3
. Here we have




where we found that





is supposed to be the domain of validity of per-
turbation theory. This can be reached at either smaller





accessible to either eective theories or perturbative ex-
pansions, and a lattice computation is the only possible
tool to explore this region. The extraction of the phase
diagram in these qualitatively dierent regions of 
3
is a
major task, which we leave to the future.
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